This paper presents a further numerical study of the interaction dynamics for solitary waves in a nonlinear Dirac field with scalar self-interaction by using a fourth order accurate Runge-Kutta discontinuous Galerkin method. Our experiments are conducted on the Dirac solitary waves with a phase difference. Some interesting phenomena are observed: (a) full repulsion in binary and ternary collisions and its dependence on the distance between initial waves; (b) repulsing first, attracting afterwards, and then collapse in binary and ternary collisions of initially resting twohumped waves; (c) one-overlap interaction and two-overlap interaction in ternary collisions of initially resting waves.
Introduction
Ever since its invention in 1929 the Dirac equation has played a fundamental role in various areas of modern physics and mathematics, and is important for the description of interacting particles and fields. Consider a classical spinorial model with scalar self-interaction, described by the nonlinear Lagrangian L = iψγ µ ∂ µ ψ − mψψ + λ(ψψ) 2 from which we may derive the nonlinear Dirac equation iγ µ ∂ µ ψ − mψ + 2λ(ψψ)ψ = 0,
where the γ µ matrices are defined by
here σ k with k = 1, 2, 3, denote the Pauli matrices. The nonlinear self-coupling term (ψψ) 2 in the Lagrangian allows the existence of finite energy, localized solitary waves, or extended particle-like solutions, see e.g. [1] . Several authors have committed themselves to analytically investigating the nonlinear Dirac model [2, 3, 4, 5, 6, 7] .
Here we only pay our attention to advances in numerical studies of interaction dynamics of the Dirac solitary waves. Up to now, some reliable, higherorder accurate numerical methods have been constructed to solve the nonlinear Dirac equation (1) . They include Crank-Nicholson type schemes [8, 9] , split-step spectral schemes [10] , Legendre rational spectral methods [11] , and Runge-Kutta discontinuous Galerkin (RKDG) methods [12] , etc. The interaction dynamics for the solitary wave solutions of (1) were numerically simulated in [8] by using a second-order accurate difference scheme. The authors saw there: charge and energy interchange except for some particular initial velocities of the solitary waves; inelastic interaction in binary collisions; and bound state production from binary collisions. Weakly inelastic interaction in ternary collisions is observed in [12] . The interaction dynamics in the binary and ternary collisions of two-humped solitary waves are first investigated in [13] .
However, the experiments carried out in the literatures are all limited to the binary and ternary collisions of the in-phase solitary waves of (1) . In this Letter we will devote ourselves to further investigating the interaction dynamics in the binary and ternary collisions of the Dirac solitary waves with an initial phase shift by using a fourth-order accurate RKDG method [12] and report some interesting observations. The RKDG methods adopt a discontinuous piecewise polynomial space for the approximate solutions and the test functions, and an explicit, high-order Runge-Kutta time discretization. It has been demonstrated by various experiments that the fourth-order RKDG method is numerically stable without generating numerical oscillation within a very long time interval, has uniformly numerical convergence-rates, and preserve conservation of the energy and charge. We refer the reader to [12] as well as [13] for a detailed description and more numerical demonstrations.
We restrict our attention to the (1+1)-dimensional nonlinear Dirac model (1) , and use the same notations ρ E (x, t) and ρ Q (x, t) as ones in [12, 13] to denote the energy and charge densities defined by
where ψ 1 and ψ 2 are two components of the spinor ψ(x, t). A standing wave solution of the Dirac model (1) is given as
with
The Dirac model (1) also has a single solitary wave solution placed initially at x 0 with a velocity v:
where The profile of the solution (4) or (7) is strongly dependent on the parameter Λ: it is a two-humped solitary wave with two peaks whose locations are determined by cosh(2
; it becomes a onehumped solitary wave with one peak located atx = 0 if
Moreover, amplitude of the solitary waves also depends strongly on the velocity v: ρ Fig. 1 shows that dependence, which will gives different interaction dynamics. It is worth noting that e iθ ψ ss (x − x 0 , t) is still a solitary wave solution of the Dirac model (1), if θ is a constant.
In the following, our computations will work in dimensionless units, or equivalently, take m = 1 and λ = 1 2 , and adopt the non-reflecting boundary conditions at two boundaries of the computational domain. The domain is covered by some identical cells with area of 0.05. The numerical algorithm is the P 3 -discontinuous Galerkin method in space combined with a fourth order accurate Runge-Kutta time discretization, see [12] .
Binary collisions
We solve (1) with the initial data
where θ l and θ r are two real numbers, determining whether two waves are in phase. For convenience, we will say that two solitary waves are equal if Λ l = Λ r and |v l | = |v r |. Throughout our numerical experiments in this section, we will take θ l = 0 and θ r = π, unless stated otherwise. 
Two one-humped solitary waves
In this subsection, we study the interaction dynamics of two one-humped solitary waves with a phase shift of π. The left plot of Fig. 2 shows the computed results for the case of two equal one-humped solitary waves, i.e. Λ l = Λ r = 0.5, v l = −v r = 0.2, and x r = −x l = 10. We see that the elastic interaction happens and two one-humped solitary waves keep their initial shapes and velocities after their collisions. It is worth noting that strong overlap happens if above two initial waves are in phase, i.e. θ l = θ r = 0.
When two equal waves are at rest initially and with a phase shift of π, the results given in Fig. 3 show that they repulse fully each other. The repulsion force depends on their initial distance. The distance is smaller, the waves move faster in opposition. This phenomenon is different from the results on two waves in phase reported in [12] , where the long-lived oscillating bound state is generated when x r = −x l = 3. We have conducted various different experiments on binary collisions of onehumped waves and concluded that in general collapse phenomenon cannot be observed in collisions between two one-humped waves. To save space, we do not give corresponding plots here.
Two two-humped solitary waves
This subsection is to study the interaction of two two-humped solitary waves with a phase shift of π. Consider the case of that two unequal waves are at rest initially and with a phase shift of π. The results given in Fig. 6 show that they repulse each other essentially, and the repulsion force depends on their initial distance. When two initial waves stand more nearly, the repulsion dominates in their interaction, thus they move outside fast and cannot re-collide each other, see the left figure in Fig. 6 . But when the distance is relatively big, the right plot of Fig. 6 shows that two waves first repulse each other, then attract afterwards and collapse. When two initial waves are equal, at rest, and with a phase shift of π, we only observed full repulsion which is similar to that in the left figure of Fig. 6 .
Besides the above, we also conduct some other experiments and find that collapse happens easily in collisions of two in-phase, equal, two-humped waves, but it may not appear in collisions between two in-phase, unequal, two-humped waves, or two equal two-humped waves with a phase shift of π, or two unequal, two-humped waves with a phase shift of π.
A one-humped solitary wave and a two-humped solitary wave
This subsection is to study the interaction of a one-humped solitary wave and a two-humped solitary wave, which are with a phase shift of π. Fig. 7 shows the computed results for the case of Λ l = 0.1, Λ r = 0.9, v l = −v r = 0, and x r = −x l = 6. We see the quasi-stable long-lived oscillating bound state, which is essentially same as one shown in Fig. 3 in the paper [13] . Generally, when there is a big difference between the peak values of two initial waves, macroscopical behavior of the interaction dynamics are essentially independent on their phase shift. It tells us that collapse may be observed in collisions between a one-humped solitary wave and a two-humped solitary wave when they do initially travel face to face, but it may also not happen.
Ternary collisions
In this section, we study ternary collisions by solving the nonlinear Dirac model (1) with the following initial data where θ l , θ m and θ r are three real numbers, determining the initial phase of corresponding waves.
The first case we consider is collisions of three initially resting two-humped solitary waves:
x m = 0, θ l = θ r = 0, and θ m = π. The results are shown in Fig. 9 . We see from the left plot that the waves first repulse each other because two neighboring waves are out-of-phase, but after t = 100 they begin to attract each other, and final collision results in collapse. Symmetry of the solutions is kept very well. The right figure of Fig. 9 gives the charge and energy densities at x = 0 as a function of time. We observe that before collapse happens, the middle wave is oscillating because of bind from left and right waves although its displacement seems to be unchanged.
The second case is collisions of three initially resting one-humped waves:
The results are shown in the left plot of Fig. 10 . We see that the first interaction happens between two right in-phase waves around t = 45, and then two faster moving waves are formed. The initially resting left wave begin to be moving towards left due to repulsion between it and the right waves, and then it is catched up with and interacted by the left moving wave generated in the first interaction around t = 130. Overlapping happens in all two interactions. If we consider collisions of three initially resting one-humped waves with Λ l = Λ m = Λ r = 0.6 or 0.9, the interaction does only happen between two right neighboring in-phase waves, see the right plot of Fig. 10 . The reason is that the left-moving (middle) wave formed in the interaction of two initially in-phase (right) waves is not faster than the left wave. 
Discussions and Conclusions
In this paper, we further studied the interaction dynamics for the solitary waves of a nonlinear Dirac model (1) with scalar self-interaction. By using a fourth-order accurate RKDG method presented in [12] , we investigated the interaction of the Dirac solitary waves with an initial phase shift of π for the first time, and observed that: (a) full repulsion in binary and ternary collisions, and the initial distance between waves is smaller the repulsion is stronger; (b) repulsing first, attracting afterwards, and then collapse in binary and ternary collisions of two-humped waves; (c) interaction with one overlap and two overlaps in ternary collisions of initially resting waves, which depends on initial parameter Λ. We concluded that in general collapse phenomenon cannot be observed in collisions between one-humped waves, but it happens easily in collisions of in-phase, equal, two-humped waves; the macroscopical behavior of the interaction dynamics is essentially independent on their initial phase difference, when there is a big difference between the peak values of initial waves. Although we have investigated the influence of initial phase difference on the interaction dynamics of the Dirac solitary waves, it will be interesting and important to study the evolution of the relative phase of the solitons during their collisions.
